
Ñ Introduction to spectral sequences

long exact sequences are a great algebraic tool to

try to compute⑤homology, e.g. L.ES. of a pair CX, A)

Spectral sequences are a more involved algebraic
gaget to make more involved computations

A Algebraic Spectral Sequences

a bigraded module (complex . . . ) is an indexed collection of

modules Es
,
+
for every pair of integerss.cadifferential of bidegree l- r, r - D is a collection of

homomorphisms
di Es

,
+
→ Es- r , 1- + r- '

for all sit such that

d
'

= 0

the homology of d is the bigraded module

lts.tlE.d) = kerlᵈ:É+→E¥,t.in (d : Esen,t- r't

note : if we set Eq =+s, + then d induces a homomor
.

2 : Eq → Eq _ ,
and I Eq , 2) is a chain complex



moreover
, Hq(E*, 2) = -10 As,tlE,d)

Stt _-q

anE-ra¥E is a seqence { F- rid]

for r≥h St.

a) Erisa bigraded module and d
"

is a

differential of bidegreel-r.ru)

b) Er "=HCETdr) for r ≥k
*

example :
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suppose for every sit there issomerls.tt at.

Yr > rcs.tl

dr : Es?→ Er
5-rittr-1

is the zero map

then Ent
'

s.f
is just a quotient ofErs.tt/rs-r1s.tJ

we can define E-
°

g-
= direct limit Ej,

in this situation we say the spectral sequence

converges to the bigraded complete



note : if E-5.+ = 0 for all s, 1- < 0 (1#quadrant S.s.)
☒o • • ☒

☐ • 0 ④ ②

⑨ ⑧ ⑨

→

0 0

then for all set
,
] rls.tl s.t.ES?+--EIF'-Vr=r1s.t)

since arrowsget longer as r increases !

So where do spectral sequences come from ?

Filtrations !

a filtration F of a module A is a sequence of submodules

{FSA } of A S.t.

A ] - -
-
2 Fse , A 2 Fs A ] __ .

if A is graded { An } then the filtration inherits agrading

Fs A = { Fs An }

the associatedgraded ( or adjoint ) module is
6 (A)5-

"%
, , A

G (A) = G (A)
s

if A is graded then 61A) is bigraded

6 (A)
sit

= % As#
g-,
A
set



s is called the filtration degree
t " " " " complementary degree
set " "

"
" total degree

a filtration is convergent if FSA = 0 and YEA -A

1we will usually have a finite filtration
A- = FNA >

.. .

> f-
◦
A > F-

,
A- = 0)

note : even for finite titrations 61A) does not

determine A

e.g . 1) let A = -4=2-14
U

Ag- Zz

U

A = 0
-1

•W

G (A)
g
={ Zz 5--0,1

0 otherwise

and A'= A
,
= Zz⊕Zz

U

A-f- Zz

¥ 0

SO
GLAD
,
={ -22 5--0,1

0 otherwise

2) similarly A- = A ,
= Z

U

A = 2=6
v0
A- , = 0



then 6 (A) =
"

(A)
◦

⊕
"A)%(a)

. .

I Z/zz ⊕ Z ¥ A

bat 61A ) is
"

close
"

to A

lemma 1 :

if F is a finite filtration ofA
,
then

1) if 6 (A)
s is free for all s then 6(A) =A

2) it 6 (A)
s
is a vector space overa field then

6 (A) ±A

3) if GIA} is finite for all s then A is finite

and order (A) = order/GLAD

4) if 61A} is finitelygenerated for all s, then

A is finitely generated and rank (A) = rank/6 CAD
5) if 611-15-0 for all but one s

,
then A = 6 (A)

6) if G (A)5=0 for all but two S, say 611th , bare with Kd, then

0→6 (A)
b.
→A→ GCA)e→ 0

is exact

Proof :

1) we have 0→ Fn
. ,(A)→ Fn (A)→

FnAlfa
., a
→ 0

s"

A
S"

G (A)
n

exercise : if 0→ B→ A→ c → 0 is exact and

C free
,
then A = B ⊕ C



so A ≈ GIA)n⊕ E.→ (A)

similarly Fn - ICAIEG /A)
a-,⊕Fn-z(A)

and so on

so 1- = 61A)w
5) A _-Fn(A) > . . .

> E. (A) = 0

and 61A} = { BCA ) s=k0 Stk

so 6 (A) = 60th

and Fu /A) = E.+ (A) = . . .=Fh /A) > F←, (A) = . . .=Fo(A) = 0

so A- = Fact )= 61A)k=6
6) if 61A)s= { § Eh

0 s otherwise

then A=FnCA) - - - = Felt) > Fe . .CA) Fact)

> Fh , , (A) = . . . =F
,
(A) > E. (A) = 0

note : if k≠o then % /AYE
,
(a) to

☒

so k=0 and

%
,
(A) EC



and FolA) = Fe - itA)/
F.
,
(A)
"

o

E Fa ,
(A) = B

i. 0 → F (A) → A→ c → 0

K
S" s"

G (A) h G (A)
e

¥
exercise : check 3)- 4) (2) follows from D)

*y

If Fis a filtration of chain completes (C*, 2) s±
(Fsc* , 2) is a sub complex of ((*, 2) Vs

then F induces a filtration on the homology HK* , 2)

Fs HCC*D) = linage( H* (Fs G-PD→H*K* , 2) )

if F is finite
,
then easy to see

H (C*
,
2) = UFSHCC# 2) and

N Fs HCC*D) = 0

Th 12 :

let F be a finite filtration of a chain complex (↳D)
as above, then there is an E

'
-spectral sequence



with

1) E 's;
= Hset ( "%

. ,
c)

2) d
'
is the connecting homomorphism in the
long exact sequence of the triple
(Fsc, Fsu, C , Fs- zc )

3) G ( HCC *id) )
g.+

= E-
•

Sit

for 2 recall

0→ Fs- ' 4ps
→
c.
→ %¥

.≤
→ %%

.,
0

induces a long exact sequence
d
'

Hnl 's%
,# →Huffs¥

.

g)→ Hk- il ""%
,

c)

Remark : don't need F finite but just spectral sequence
is convergent to E-

• and F bounded below

Idea of Proof :

Start with E?+ = Gs ( Cs + +7 =
Fs 4++1

Fs- i [set

2 induces d-
°

: E;+ → Es°
,
t - l

set E-'s
,
+
= Hs+ c- ( Gf (* ) )

given ✗ c- E's
.
+ ,
1- a chain ✗ E Fs ( Cs+ t )



that represents

we know da=2 a = 0 in Fstst-
#-CS++-1

in particular [xzFs-4s++-1

define d': E' -> E' ·
a= (x]+ (2x)

3, t So, f

exercise: d' is as claimed in theorem

and (d) = 0

now set E=hLdITESIis-S
selfst

exercise: is show we could alternately define

Sit

-is+12CoFecs+t
e

EL =

>intersect
with

2) show to maps E to E2++ numerator

in general define
ExcFs (<seA)/2 cGFser(<s++.1)3

Est =
Fs-Cse++W(FstreCat

really I with
one can show I induces a map numerator

dri E. -> ErS-r,f+5-1



and Es is the homology of CE,d4
and Ep=GCHis,+

example o *o=se3 so (IT has fitration
S · g *= NoVe,

W Xc = x, vea FCx = cx )Xs)
M

↑ T2s "ez X =XVes and
L

3,
Xp I XuC E: Hs++

E'sit
x5 = XpU ( ·Hset(XS, Xs-1)

defrelative

x= O Ho (xo, X.) H. / x, x0) He (x2.x.)
homology

* =
- I Holx, xo7 H.Cx2, x1) HeLXy,Xe)

7 = -2 Holxcxi) H.1x3,x2) H2 (x4, xs)

7 = -3 Ho(x3.x2) H. (xx, xs) He (X5, x4)

do

(r) z <e) ⑧

O <zeh
O d'V=2

M
Lts]x <r>

scrice (to(*/xo) o
O O <2)



Est
<r) Se,T O

S-
d
=
o see) O

D O
S D

-
O <L>

Est
<et Se,T O really E.CCF3- FC, ftd,

O Se)) "O
3 v = 2 2 - 22

·o 2 L = 3,+7z-GS
so d2 = 0

0 <L>

EEP

Se)
<- really E.LCGSCEss

O
<r)

@ so again d= 0

ooooA
O <L>

so by lemnal Ho TTY = (et =z

He (TY = <2> = E

8 -z -> H, 1T7 -> z- 0

So H, ITY =8E



example 1:

let AcX be a subspace
the weget a filtration of dex

siguaincomplex

FC = (x(x)

FoC = (x (A)

FC = O

so we get a spectral sequence with

Est= Hse- (FC/Fs-(x)
E

Hse + (X,A) s=/

H set (A) S = OS
D s0, 1

and E' is

...0 HA) <Hs (x.A) 0...
...0 HICA) <H2 / X.A) 0 ... d= 2 in

I

...0 Ho (A)e H, (x,A) O
--

L.E.S. of

pair, or
&Ho (*,At) ( -. . . triple
O O O

" " !
E" (and ER fk>1) is

·
·

-

H. (A)/in2 her

Ker E#il Hox*
Set = const



Exnow CCHCGILn = Oh=R s,t

=EY G Eh-
=AnCAfine (W:Hmu(YcA) -> AmCAD)
·Ker (2:Hn X. A) -> Ha-,At)

so lemmal gives

o -> Anyin 2 -> Ha/x- here -o
which is same as

o-> in (2: Hm+1(x,A) -> HuIA) -> Hu CA) -> Hn
(x)

->Ren (2:Hn (x.A) -> Hn- 1A) -> O

so Im ) = Ker 1x 1:A -> X inclusion

her 2 = m/1 (ix-K.A)

this is the "hard part" of the L.E.S. of
a pair so spectral sequences generalize this!



example2 :
" simple

"

proof singular = cellular homology

If ✗ is a CW-complex , then we can filter the

singular chain complex of X using sheleta

Fnc = Cfx
'"
)

THE
says there is a spectral sequence that converges
to

E-
s
. +
= GCH ((

*ADS
,
+

with

E's
,
+
= Its+ + ( %%

, ,

c)
= Its + + (

'* "
"

¥,✗%)
= Its ++ ( (* ( ✗ ,

✗
↳→) )

= Its++ I ×
"! ×"") = Itself

✗
e-D)

=

Hs+ c- ( wedge of s- spheres)

= { ⊕ Z c- = 0
"

t + ◦

= { 54×1 + = 0

0 [ 1- to

cellular
chain group



and sequence has d
'
= 2 map in LES of (E. E- i. Fs -a)

%

Hs (×
"? ✗$-4 Hs (×

"? × 's -2) )

in alg top class one shows d
'
= 2
"

so we have
E

'

i. i
i.. i

o O
o

o o o 8...◦%w"←d'qy*¥%,¥_O O O O

: i. ; :
then E-

2

is i

O O O O - .
.

Iiit
0 0 TO 0 0

so E+ = { Hs%×
) c- = o

0 1-=/ 0

[
° ° ° °

@ @ • @ O O

and G / It* A))p = ⊕ E?+ • • • • . .

Stf=p e e e e o u

lemma I part 5 ⇒ Hp /X) = Hpcwlx)



all of the above works for cohomology as well
and the differential respects the product structure

an E-cohomology spectral sequence E isa sequence

EEr.dr3 for rak such that
1) Er is a bigraded module and do isa

differential of bidegree (v.-r+1

2) A is a delivation of the algebra
dr (aub) = (dra) vb+ia vdrb)

3) Er+=HCEr,dr

example:
I I
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↳ ↑ & & · o-o-o- a & & & & & &
& & &

↑ · &
& & &a

& & a " ·. &· D
· ·o-8-8 @ D ⑧ B & B & a B &· D

of ↑ ↑ &
'a& If ·-@38-@ & ⑧ & If & ⑧

& If & & * & & ⑧

↳
· B & & ⑧ ⑦ & &
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& a 8 O & & a & a 0 O & * @ & &
& a 0p&


